We consider in the framework of the fluid/gravity correspondence the dynamics of hypersurfaces located in the holographic radial direction at r = r0. We prove that these hypersurfaces evolve, to all orders in the derivative expansion and including all higher curvature corrections, according to the same hydrodynamics equations with identical transport coefficients. The analysis is carried out for normal fluids as well as for superfluids. Consequently, this proves the exactness of the bulk viscosity formula derived in arXiv:1103.1657 via the null horizon dynamics.
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PACS numbers: 04.70.Bw, 47.10.ad, 11.25.Tq The AdS/CFT correspondence [1, 2] relates certain strongly coupled large N gauge theories to weakly coupled classical gravity, thus enabling the calculation of strongly coupled field theory quantities via General Relativity (GR). In particular, the map of thermal states of field theories to classical gravity solutions containing black holes, relates the transport properties of gauge theory plasmas to black hole dynamics. There are two transport coefficients of relativistic uncharged hydrodynamics at the first viscous order: the shear viscosity η and the bulk viscosity ζ. If there are charges present in the system, there are additional conductivities at this order. The gravitational calculation of the ratio of the shear viscosity to the entropy density s famously yields η s = 1 4π [3] . Low values of this ratio are rather generic in strongly coupled gauge theories, and seem to characterize the QCD plasma in heavy ion collisions.
In [4] the black hole dynamics was used to derive a simple formula for the ratio of the bulk viscosity to the shear viscosity:
where ρ a are the charge densities associated with the bulk gauge fields, and φ H i are the values of the bulk scalar fields on the horizon. The derivation employs the null horizon focusing equation, and uses the equilibrium black hole solution. When calculating the derivatives in (1), one keeps all the parameters of the theory such as couplings and masses fixed. This, as demonstrated in [5, 6] , may require in general the knowledge of the complete thermal equilibrium gravitational background, and not only the horizon data.
A natural question that arises is how transport coefficients, and in particular the bulk viscosity, depend on the holographic radial direction r of the gravitational background, which in the field theory translates to a dependence on the renormalization group (RG) scale. Transport coefficients depend on the couplings of the underlying microscopic field theory. Since the couplings in nonconformal field theories depend generically on the RG scale, it follows that the transport coefficients also have this property. Does this mean that the formula (1) has an approximate regime of validity, for instance only at high temperature? There is evidence suggesting that this is not the case, and in fact it is the exact formula for the bulk viscosity [4] [5] [6] [7] . Still, a formal proof of its exactness is lacking.
In this letter we will prove a much stronger statement in the framework of the fluid/gravity correspondence. We will study the dynamics of holographic screens (hypersurfaces) located in the radial direction at general r = r 0 , where r 0 is a constant. We will prove that all these holographic screens evolve, to all orders in the derivative expansion including all higher curvature corrections, according to the same hydrodynamics equations with identical transport coefficients. The analysis will be carried out for normal fluids as well as for superfluids. An immediate consequence of this result is a proof of the exactness of the bulk viscosity formula (1).
We will consider (d + 1)-dimensional gravitational backgrounds holographically describing thermal states in strongly coupled d-dimensional field theories. The (d+1)-dimensional gravitational action is
, where
where R is the Ricci scalar, Λ a (negative) cosmological constant and higher curvature refers to general higher curvature terms. We will set = c = G
The matter action I matter [g, φ i , A] depends on (possibly charged) scalar fields φ i and an (abelian) gauge field A B . We assume that it has the general form
where
for a given charge e. The V i represent the potentials for the scalar fields. The field equations of (3) have solutions that holographically describe nonconformal normal fluids as well as superfluids. In this paper we will make use of two important conservation laws. The first is that
This follows from the diffeomorphism invariance of the total action I and imposing the field equations of the matter (scalars and gauge field). The second is that
satisfies
which follows from the gauge invariance of the matter action and imposing the scalar field equation. On-shell, the metric field equations have the form E AB = 0, or more specifically,
G AB and T matt AB are the Einstein and matter stress-energy tensors respectively, while H AB represents any higher curvature corrections to the field equations. The field equations that arise from the variation of the matter action (3) are
where J A is a source current that exists when e = 0 and arises from the coupling between the scalars and the gauge field. The field equations of the scalars will be unimportant to our discussion.
We will first consider solutions to this system that are dual to normal fluids on the boundary. In this case we take the scalar fields to be neutral e = 0 and real, normalize the scalar and gauge field kinetic terms by setting V 1 = 1, V 2 = 1 2 and have V 3 an arbitrary potential for the scalar fields [4] . In (radially shifted) Eddington-Finkelstein coordinates the metric solutions can be parametrized with the following metric ansatz
Here we denote the coordinates of the bulk spacetime by x A = (r, x µ ), A = 0, ..., d. The x µ can be thought of as local coordinates on hypersurfaces of constant r. At r = 0, the function f vanishes and there is a horizon. The vector u µ is a boost vector and has the dual role as a fluid velocity and the null normal to the horizon at r = 0. The indices µ, ν etc. are raised with the flat metric η µν , and P µν = η µν + u µ u ν is the projection tensor. The entropy density associated with this solution is s =
2 . The function q can be chosen to be a constant by a gauge choice corresponding to a redefinition of the radial coordinate r. Thus, we expect that it will not play a role in the holographic description of the fluid. Another way to see it, is to count the number of fields in the hydrodynamic description. In the absence of charges we have the energy density ε, the pressure p and the fluid velocity u µ , which is the same number of actual fields in (10), namely f , h and u µ .
In addition to the metric, there are the solutions to the scalar fields φ i (r + R) and the gauge field
The one function in the gauge field is in line with the one extra charge ρ needed in the hydrodynamic description of a charged fluid. Let us allow now the variables, along with R and u µ to be functions of x µ . The zeroth order metric (10) and other fields as functions of x µ are no longer solutions of the field equations and must be corrected order by order in a derivative expansion. The fluid/gravity correspondence proposes that at the nth order in the derivative expansion [8] , the bulk constraint field equations projected on the time-like boundary at spatial infinity (r → ∞), whose unit space-like normal is N B ,
are the relativistic Navier-Stokes equations ∂ µ T fluid µν = 0 at the nth viscous order. T fluid µν is the boundary stressenergy tensor. Similarly, in the presence of gauge fields, the Gauss law constraint projected on the time-like boundary at infinity
is the additional current conservation law ∂ µ J µ fluid = 0 in charged hydrodynamics, with J µ fluid the boundary current [9, 10] . Alternatively, one can obtain these hydrodynamics equations from the Gauss-Codazzi equations of the horizon [11, 12] .
Consider now how the constraint equations depend on r, that is what happens when we project them on an arbitrary time-like hypersurface r = r 0 . Suppose we have a gravitational solution at the (n − 1)th order in derivatives, where n ≥ 1, that is the bulk field equations are satisfied up to the (n − 1)th order. We would like to analyze the structure of E AB at nth order. To impose the conservation law (5) at nth order we require that all the matter equations at this order satisfied. Then the conservation law takes the form
where the covariant derivative is with respect to the background zeroth order metric (10) and involves only radial derivatives. The µ components of this equation read
Using the unit normal to the hypersurface r = r 0 ,
Solving, we find that (off-shell) the constraints have the form
is some arbitrary function of x µ . Taking the limit r 0 → ∞, and renormalizing by an overall function of r, we get that
= 0 on-shell at the nth order. The factorization (17) and the fact that the metric functions f and h are non-vanishing between the horizon and infinity lead to an important result: the bulk constraint equations projected on any hypersurface r = r 0 are the same hydrodynamics equations with identical transport coefficients 1 . In the limit r 0 → 0, √ f vanishes. At lowest orders in the derivative expansion, this is the near-horizon limit. It is well-known that in the limit as a "stretched horizon" r = r 0 approaches the true horizon, √ f N A becomes the horizon normal u µ [14] . Thus, we have
In the case of Einstein gravity, the right hand side is the Gauss-Codazzi equations for the null hypersurface, one of which is the null focusing equation. Therefore, following the derivation of (1) in [4] , we see that the ratio of the bulk viscosity to shear viscosity calculated at the horizon must be identical to the ratio that will be obtained from the boundary stress-energy tensor. Remarkably, the horizon calculation of bulk viscosity from the focusing equation requires only the zeroth order solution, while for the computation of the boundary stress, one needs to have the bulk solution to first viscous order. The bulk viscosity is an important transport coefficient of field theories. The exactness of the formula (1) makes it a valuable tool in the study of strongly coupled non-conformal gauge theories and phenomenological holographic models of QCD. A similar result for the current conservation equation in charged hydrodynamics can be obtained using the Gauss law constraint. As before, assume that we have a solution to the gauge field equations (n − 1)th order, so that the first non-zero piece of E A is at nth order. We must also impose the scalar field equations at nth order. Then the conservation law (7) reduces to
The constraint (13) at nth order has the form
Thus, we have an equation for the constraint, which yields
for some arbitrary function G (n) (x µ ), which on-shell must be proportional to the boundary current conservation equations. The same analysis as above applies and this constraint is the same current conservation equation on each r = r 0 slice including the horizon, with identical transport coefficients.
Consider now solutions to the general gravitational system that holographically describe relativistic superfluids. In this case, the solutions can be parametrized with the following metric ansatz [15] [16] [17] [18] 
Here n µ satisfies u µ n µ = 0, n µ n µ = 1 andP µν = η µν + u µ u ν − n µ n ν . The ansatz for the gauge field solution takes the form
The five functions in the metric and gauge field, together with u µ and n µ , match the number of fields needed to characterize the relativistic superfluid. In addition to the fields associated with the normal fluid (ǫ, p, ρ, u µ ), we have a new vector field n µ , which is the component of the superfluid velocity orthogonal to the normal fluid velocity u µ , the superfluid energy density ǫ s and the superfluid charge density ρ s . Thus, as before, we expect that we can gauge away the function q.
We can now repeat the analysis of how the conservation laws effect the constraints for this ansatz. The result is a similar factorization of the constraints into a radial function times a function of x µ ,
Therefore, we conclude that in the superfluid case there is again no running of the transport coefficients once the UV boundary conditions have been fixed. It is straightforward to check that the inclusion of a Chern-Simons term in the bulk action, corresponding to having quantum anomalies in the dual field theory, does not change the above discussion. Thus, the parity violating anomalous transport coefficients in the hydrodynamics are independent of the radial direction, as expected from the field theory analysis for normal fluids [19] [20] [21] [22] and superfluids [18, 23, 24] .
The above analysis applies also to the hydrodynamic expansion around Rindler space [11, 25] , where the transport coefficients depend on the UV boundary conditions at the cutoff hypersurface r = r c , but do not depend explicitly on the holographic radial direction r from the UV to the IR [26] .
Finally, note that the study in this letter is different than the type of RG flow discussed in [27] . In these works one imposes boundary conditions at a cutoff hypersurface and finds the corresponding (non-singular) interior bulk solution. Changing r = r c changes the solution and its corresponding energy-momentum tensor, leading to a RG flow in the transport coefficients. In our case, we consider the hypersurfaces r 0 in given solution.
